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We study the dynamics of a non-minimally coupled scalar field cosmology with a potential function. We
use the framework of dynamical systems theory to investigate all evolutional paths admissible for all initial
conditions. Additionally, we assume the presence of barotropic matter and show that the dynamics can be
formulated in terms of an autonomous dynamical system. We have found fixed points corresponding to
three main stages of the evolution of the universe, namely, radiation, matter and quintessence domination
epochs. Using the linearization of the dynamical systems in the vicinity of the critical points we explicitly
obtain formulas determining the effective equation of state parameter for the universe at different epochs.
In our approach the form of w(z) parametrisation is derived directly from the dynamical equations rather
than postulated a priori.
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There are principally two approaches in searching for the form of the equation of state (EoS) for the
current Universe in the accelerating phase of expansion. In the first approach the form of the coefficient
wX(z) of the equation of state for dark energy is assumed at the very beginning, usually in the simple
linear form with respect to the redshift z or the scale factor a [1,2]. In the second approach the form of the
EoS parameterisation is derived from the exact dynamics of the underlying theoretical model [3–7]. In the
present paper we realise this idea for the Friedmann–Robertson–Walker (FRW) models filled with a scalar
field non-minimally coupled to gravity.
In our study of evolutional scenarios it is natural to use the framework of dynamical system theory
because it offers the possibility of investigations of all solutions admissible for all initial conditions. We
investigate fixed points of a dynamical system and then linearise the system around them to find exact forms
of the EoS parameterisations. Therefore we derive w(z) parameterisations directly from the underlying
dynamics of the model.
We assume the spatially flat FRW universe filled with a non-minimally coupled scalar field and barotropic
fluid with a general equation of state parameter wm, and the action is
S =
1
2
∫
d4x
√−g
[
1
κ2
R− ε (gµν∂µφ∂νφ+ ξRφ2)− 2U(φ)
]
+ Sm , (1)
where κ2 = 8piG, ε = +1,−1 corresponds to canonical and phantom scalar field, respectively, and the
metric signature is (−,+,+,+). Sm is the action for the barotropic matter part.
We can obtain the dynamical equation for the scalar field from the variation δS/δφ = 0, and energy
constraint from the variation δS/δg = 0 :
φ¨+3Hφ˙+ξRφ+εU ′(φ) = 0 , E = ε1
2
φ˙2+ε3ξH2φ2+ε3ξH(φ2)˙+U(φ)+ρm− 3
κ2
H2 . (2)
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Table 1 The location and eigenvalues of the critical points in twister quintessence scenario
weff location eigenvalues
1
3 x
∗
1 = 0, y
∗
1 = 0, (λ
∗
1)
2 = α
2
ε6ξ l1 = −6ξ, l2 = 12ξ, l3 = 6ξ(1− 3wm)
wm x
∗
2 = 0, y
∗
2 = 0, λ
∗
2 = 0 l1,3 = − 34 (1− wm)
(
1±
√
1− 163 ξ 1−3wm(1−wm)2
)
, l2 =
3
2 (1 + wm)
−1 x∗3 = 0, (y∗3)2 = 1, λ∗3 = 0 l1,3 = − 12
(
3±√9 + ε2α− 48ξ
)
, l2 = −3(1 + wm)
Then the conservation conditions read
3
κ2
H2 = ρφ + ρm , H˙ = −κ
2
2
[(ρφ + pφ) + ρm(1 + wm)] , (3)
where the energy density and the pressure of the scalar field are
ρφ = ε
1
2
φ˙2 + U(φ) + ε3ξH2φ2 + ε3ξH(φ2)˙ , (4)
pφ = ε
1
2
(1− 4ξ)φ˙2 − U(φ) + εξH(φ2 )˙− ε2ξ(1− 6ξ)H˙φ2 − ε3ξ(1− 8ξ)H2φ2 + 2ξφU ′(φ) . (5)
In what follows we introduce the energy phase space variables
x ≡ κφ˙√
6H
, y ≡ κ
√
U(φ)√
3H
, z ≡ κ√
6
φ, (6)
which are suggested by the conservation condition κ23H2 ρφ +
κ2
3H2 ρm = Ωφ +Ωm = 1.
The acceleration equation can be written in the form
H˙ = −κ
2
2
(ρeff + peff) = −3
2
H2(1 + weff) , (7)
where the effective equation of state parameter reads
(
λ = −
√
6
κ
1
U(φ)
dU(φ)
dφ
)
weff =
1
1− ε6ξ(1− 6ξ)z2
[
− 1 + ε(1− 6ξ)(1 − wm)x2 + ε2ξ(1− 3wm)(x + z)2+
+ (1 + wm)(1 − y2) − ε2ξ(1 − 6ξ)z2 − 2ξλy2z
]
. (8)
The dynamical system of the model under consideration takes the form [8, 9]
x′ = −3x− 12ξz + ε1
2
λy2
[
1− ε6ξz(x+ z)
]
+ ε6ξ(1− 6ξ)xz2+
+
3
2
(x+ 6ξz)
[
ε(1− 6ξ)(1− wm)x2 + ε2ξ(1− 3wm)(x+ z)2 + (1 + wm)(1 − y2)
]
, (9)
y′ = −1
2
λy
{
x
[
1− ε6ξ(1− 6ξ)z2
]
+ 6ξy2z
}
− ε12ξ(1− 6ξ)yz2+
+
3
2
y
[
ε(1− 6ξ)(1− wm)x2 + ε2ξ(1− 3wm)(x+ z)2 + (1 + wm)(1 − y2)
]
, (10)
z′ = x
[
1− ε6ξ(1− 6ξ)z2
]
, (11)
λ′ = −λ2(Γ− 1)x
[
1− ε6ξ(1− 6ξ)z2
]
, (12)
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where Γ = U
′′(φ)U(φ)
U ′(φ)2 and a prime denotes differentiation with respect to time τ defined as
d
dτ =
[
1 −
ε6ξ(1 − 6ξ)z2
]
d
d ln a . In the rest of the paper we will assume the function Γ in the form Γ(λ) = 1 − αλ2 .
In our approach the exact formulas for w(z) parameterisations can be derived directly from the linearised
solutions of the dynamical system in the vicinity of the critical points representing different epochs in the
evolution of the universe (Table 1). In the special case of conformally coupled (ξ = 1/6) canonical (ε = 1)
scalar field and dust matter (wm = 0), they are as follows:
1) At the radiation domination epoch,
wReff(z)|ξ= 16 =
1
3
+
2λ∗1
3α
B1
(
1 + z
1 + zR
)−1
+
(
1
3
B21 −
α
6
A21
(
y
(i)
1
)2)( 1 + z
1 + zR
)−2
+
+
1
3
λ∗1A1
(
y
(i)
1
)2( 1 + z
1 + zR
)−3
−
(
1 +
α
3
− α
6
A1B1
)(
y
(i)
1
)2( 1 + z
1 + zR
)−4
−
− 1
3
λ∗1B1
(
y
(i)
1
)2( 1 + z
1 + zR
)−5
− α
12
B21
(
y
(i)
1
)2 ( 1 + z
1 + zR
)−6
, (13)
where A1 = x(i)1 − 1α
(
λ
(i)
1 − λ∗1
)
, B1 = x
(i)
1 +
1
α
(
λ
(i)
1 − λ∗1
)
, (λ∗1)
2 = α2 and zR is the redshift of the
radiation domination epoch.
2) At the matter domination epoch,
wMeff(z)|ξ= 16 = −α
4
3
A22
(
y
(i)
2
)2( 1 + z
1 + zM
)−1
+ α
8
3
A2B2
(
y
(i)
2
)2( 1 + z
1 + zM
)−3/2
−
− α4
3
B22
(
y
(i)
2
)2( 1 + z
1 + zM
)−2
−
(
y
(i)
2
)2( 1 + z
1 + zM
)−3
, (14)
where A2 = x(i)2 +
λ
(i)
2
2α , B2 = x
(i)
2 +
λ
(i)
2
α and zM is the redshift of the matter domination epoch.
3) In the de Sitter state, we have two parameterisations whose type depends on the value of the parameter
α characterising the shape of the function Γ.
— For α > −1/2, we have a linear approach to the de Sitter state
wQeff(z)|ξ= 16 = −1 +
1
6∆
(
1− α+
√
∆
)
A23(1 + z)
3+
√
∆+
+
( α
∆
A3B3 − 2y∗3
(
y
(i)
3 − y∗3
))
(1 + z)3 +
1
6∆
(
1− α−
√
∆
)
B23(1 + z)
3−
√
∆−
− 2α
3∆
A23y
∗
3
(
y
(i)
3 − y∗3
)
(1 + z)6+
√
∆ +
(
4α
3∆
A3B3y
∗
3 − y(i)3 + y∗3
)(
y
(i)
3 − y∗3
)
(1 + z)6−
− 2α
3∆
B23y
∗
3
(
y
(i)
3 − y∗3
)
(1 + z)6−
√
∆−
− α
3∆
(
y
(i)
3 − y∗3
)2 (
A3(1 + z)
√
∆
2 +B3(1 + z)
−
√
∆
2
)2
(1 + z)9 (15)
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Fig. 1 The evolution of weff given by the relation (8) for the non-
minimally coupled canonical scalar field ε = +1 and the positive
coupling constant ξ. The existence of a short time interval during
which weff ≃ 13 is the effect of the nonzero coupling constant ξ.
where A3 = x(i)3 + 12α (3 −
√
∆)λ
(i)
3 , B3 = x
(i)
3 +
1
2α (3 +
√
∆)λ
(i)
3 , and ∆ = 1 + 2α > 0.
— For α < −1/2, we have a damped oscillatory approach to the de Sitter state
wQeff(z)|ξ= 16 = −1− 2y
∗
3
(
y
(i)
3 − y∗3
)
(1 + z)3+
+
1
3|∆|


(
C3 +
|∆|λ(i)3
2α
)2
− α4C23

 (1 + z)3 sin2
(√
|∆|
2
ln (1 + z)
)
+
+
1
3
√
|∆|
((
C3 +
|∆|λ(i)3
2α
)(
x
(i)
3 +
λ
(i)
3
α
)
+ 2C3
λ
(i)
3
α
)
(1 + z)3 sin
(√
|∆| ln (1 + z)
)
+
+
1
3

(x(i)3 + λ(i)3α
)2
− α
(
λ
(i)
3
α
)2 (1 + z)3 cos2
(√
|∆|
2
ln (1 + z)
)
−
− 4α
3|∆|
(
2y∗3
(
y
(i)
3 − y∗3
)
+
(
y
(i)
3 − y∗3
)2
(1 + z)3
)
(
C3 sin
(√
|∆|
2
ln (1 + z)
)
−
√
|∆|λ(i)3
2α
cos
(√
|∆|
2
ln (1 + z)
))2
(1 + z)6 , (16)
where C3 = x(i)3 +
3λ
(i)
3
2α , |∆| = −1− 2α > 0 and zQ = 0 is the redshift of the present time.
These parameterisations depend on three values x(i)n , y(i)n , λ(i)n of the initial conditions for the linearised
solutions at different epochs and the parameter α describing the shape of the function Γ(λ). The common
parameter α is present in all parameterisations and can be estimated from the observational data.
In this short note, we presented the possibility of extracting the equation of state parameterisations of
dynamical dark energy directly from the dynamics of the underlying theoretical model. It is interesting that
the obtained formulas for w(z) are all that is needed for the realistic cosmological model, i.e., the radiation
epoch required by the nucleosynthesis, matter domination phase and final acceleration epoch (see Fig. 1).
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